The perturbation to the Noether symmetry and the Noether adiabatic invariants of discrete dierence variational Hamilton systems are investigated. The discrete the Noether exact invariant induced directly by the the Noether symmetry of the system without perturbation is given. The concept of discrete high-order adiabatic invariant is presented, the criterion of the perturbation to the Noether symmetry is established, and the discrete the Noether adiabatic invariant induced directly by the perturbation to the Noether symmetry is obtained. Lastly, an example is discussed to illustrate the application of the results.
Introduction
The research on symmetries and conserved quantities of a mechanical system possesses important mathematical and physical signicance, and is also an important development direction in analytical mechanics. In Refs. [1, 2] symmetries and conserved quantities of constrained mechanical systems have been thoroughly investigated. Moreover, symmetries and conserved quantities of more general systems (optimal control problems) are also studied in depth [35] . Recently, researches on symmetries and conserved quantities have been extended to a general time scale (including, as particular cases, both discrete and continuous settings). Levi et al. [68] rst extended the Lie symmetry to discrete systems; Dorodnitsyn [9] adapted the Noether's theory to discrete Lagrangian system; Torres et al. [1012] studied the Noether symmetry theorems for an arbitrary time scale; Shi et al. [13, 14] investigated Lie symmetry and the Noether conserved quantities (or exact invariants) of discrete non-conservative mechanical systems and discrete dierence variational Hamilton systems without perturbations; based upon the property of the discrete models entirely inheriting the symmetry of the continuous systems, Fu et al. [15] presented the Hojman conserved quantities and Lie symmetries of discrete mechanico--electrical coupling systems by the Lie groups of transformations of continuous systems.
As we know, even a tiny disturbance acting on the mechanical systems, that we can call a perturbation, may inuence the original symmetries and conserved quantities of mechanical systems. Pioneered in this area, Burgers [16] proposed adiabatic invariants for a special kind of the Hamilton systems. Perturbation to symmetries and * corresponding author; e-mail: mjzhang@pmo.ac.cn adiabatic invariants play a very important role in the research on the quasi-integrability of mechanical systems. A classical adiabatic invariant is a certain physical quantity that changes more slowly than some slowly-varying parameter of the system [17] . In fact, the parameter varying very slowly is equivalent to the action of a small disturbance. At present, studies in this eld have become very active, and many important results have been obtained [1823] . But all these studies have focused on perturbation to symmetries and adiabatic invariants of the continuous mechanical systems. Recently, Zhang et al. [24] presented the concept of discrete high-order adiabatic invariant, and studied the perturbation to the the Noether symmetry and the Noether adiabatic invariant of the general discrete holonomic system. Wang and Zhu [25] further discussed perturbation to symmetry and adiabatic invariants of general discrete holonomic dynamical systems on a uniform lattice. However, perturbation to symmetries and adiabatic invariants of the discrete Hamilton systems has never been studied so far.
In this paper, based on the concept of discrete high-order adiabatic invariant, the perturbation to the Noether symmetry and the Noether adiabatic invariants of discrete dierence variational Hamilton systems are studied. The discrete the Noether exact invariant induced directly by the the Noether symmetry of the system without perturbation is given. The criterion of the perturbation to the Noether symmetry is established, and the discrete the Noether adiabatic invariant induced directly by the perturbation to the Noether symmetry is obtained. Meanwhile, an example is discussed to illustrate the application of the results.
the Noether symmetry and discrete the Noether exact invariant
For brevity of notation, we consider a one--dimensional discrete dierence variational Hamil- (25) ton system. The Hamiltonian of the system is
q k , and p k are discrete time, discrete generalized coordinates, and discrete generalized momenta, respectively.
The discrete equations of motion of the system can be written as [14] :
where D j is the partial derivative of the discrete function with respect to the argument j and
We introduce the innitesimal transformations with respect to discrete time t k , discrete generalized coordinates q k , and discrete generalized momenta p k as
where ε is an innitesimal group parameter, τ 
which can be prolonged to the two-point scheme
The recursive and derivative operators of discrete systems for any discrete variable or function are represented as
The the Noether symmetry is an invariance of the Hamiltonian action functional under the innitesimal transformations.
Then the requirement of the the Noether symmetry of the discrete dierence variational Hamilton system gives
where (9), the invariance is the Noether symmetry of the discrete dierence variational Hamilton system (1), (2) and (3). Equation (9) is called the discrete the Noether identity of the discrete dierence variational Hamilton system (1), (2) and (3).
Theorem 1 [14] . For the discrete dierence variational Hamilton system (1), (2) (9), the the Noether symmetry of the system can induce the discrete the Noether exact invariant
Perturbation to the Noether symmetry and discrete the Noether adiabatic invariant
Small force acting on the discrete dierence variational Hamilton system may result in a small change in its symmetries, i.e. perturbation to symmetries. The conserved quantity associated with the symmetries, under a corresponding change, is an adiabatic invariant. In analytical mechanics, we study perturbation to symmetries and adiabatic invariants of mechanical systems based on the concept of high-order adiabatic invariant. According to the concept of adiabatic invariant [17] , for the discrete dierence variational Hamilton system, we have
is a physical quantity including ε in which the highest power is z in a discrete dierence variational Hamilton system, and its derivative with respect to discrete time t k is directly proportional to ε z+1 , I z,d is called a z-th order adiabatic invariant of the discrete dierence variational Hamilton system. Denition. If
is a physical quantity including ε in which the highest power is z in a discrete dierence variational Hamilton system, and its derivative with respect to discrete time t k is directly proportional to ε z+1 , I z,d is called a z-th order adiabatic invariant of the discrete dierence variational Hamilton system. Suppose the discrete dierence variational Hamilton system (1), (2) and (3) is perturbed by small quan-
, then we have the following total variation of corresponding discrete Hamiltonian action functional:
where ∆ is a total variation symbol, and
From (11), using the similar deduction in [14] , we obtain the discrete equations of motion of the discrete difference variational Hamilton system perturbed by small quantity εW d (φ k ):
Because of the action of εW d (φ k ), the original symmetries and invariants of the system may vary. Assume that the variation is a small perturbation based on the symmetrical transformations of the system without perturbation, and
express the generators of innitesimal transformations after being perturbed, then
The innitesimal transformations become
According to the the Noether symmetry theory, the the Noether identity of the discrete dierence variational Hamilton system perturbed by small quantity εW d (φ k ) becomes
where
and
is a gauge function. After being perturbed, the gauge function comes into
Substituting (16) into (19), we have
Substituting (16) into (18), noticing (19) (22), and making the coecients of ε m equal, we obtain 
Proof: Using representations (7), (8) and (22), the expansion of (23) gives
Using (13)(15), from (25), we obtain
It shows that D d I Nz,d is directly proportional to ε z+1 , so I Nz,d is a z-th order adiabatic invariant of the discrete dierence variational Hamilton system, which can be called the discrete the Noether adiabatic invariant. When z = 0, which mean that εW d (φ k ) vanish, the system becomes the one without perturbation. Then the discrete the Noether adiabatic invariant (24) turns into the discrete the Noether exact invariant (10).
An example
Take the Emden equation to illustrate the application of the above results. The discrete Hamiltonian of the system and its recursive operator are
and the system is perturbed by the small quantity
Let us study the perturbation to the the Noether symmetry and the the Noether adiabatic invariant of the discrete dierence variational Hamilton system. We calculate the
Firstly, we seek the discrete the Noether exact invariant. Suppose that the generators τ 
where C 1 C 12 are constants. Substituting (30) and (31) into the the Noether identity (9) of the system without perturbation, we have
It follows that when
the function
satises the the Noether identity (9) . According to Theorem 1, the discrete dierence variational Hamilton system has the following discrete the Noether exact invariant:
Secondly, we seek the rst order discrete the Noether adiabatic invariant. We also suppose that the generators τ
where C 
satises the determining Eq. (23) of the perturbation to the Noether symmetry. According to Theorem 2, the discrete dierence variational Hamilton system has the following rst order discrete the Noether adiabatic invariant: 
Further we can obtain more high-order discrete adiabatic invariants. In addition, it is worth noting that there are many calculations above, which can be also done in an automatic way using a computer algebra system stated in Refs. [26, 27] .
Conclusion
The perturbation to the the Noether symmetry and the the Noether adiabatic invariants of discrete dierence variational systems are studied in this paper. We obtain the discrete the Noether adiabatic invariant induced directly by the perturbation to the Noether symmetry of the system. When z = 0, this means that εW d (φ k ) vanish, the system becomes the one without perturbations, and the discrete the Noether adiabatic invariant will turn into the discrete the Noether exact invariant (i.e. the so-called discrete the Noether conserved quantity in Ref. [14] ) naturally. The results of this paper have important signicance for further study on the discrete mechanical systems and symmetrical perturbation theory.
